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THE OR? OF SELF-EXCITED NL3CHANI CAL OSBILLAT I ONS 
OF ZIBGED SOTOR BLADES 
By '&%ert P .  Coleman 
V i b r a t i o n s  of E ~ t n r y - w f n g  a i r c r a f t  mar d e r i v e  t h e i r  
enc?rgy frorn t h e  rot-nct9on 0 %  t h d  r o t o r  r a t h e r  t h a n  froin 
t h e  a i r  f o r c e s .  B t h e o r e t i c a l  a n a l y s i s  of  t h e s e  v i b r a -  
t i o n s  i s  d e s c r i b e d  anC methods f o r  i t s  a p p l i c a t i o n  3 r e  
e x p l a i n e d  h e r e i n .  
?he p r e s a n t  paper also s u p e r s e d e s  and. e x t e n d s  t h o  
s c o p e  of t h e  Advanae Xdotr ic teh  Bepart e n t i t l e d  "Theory  
o f  S e l f - E x c i t e d  Xech##ical O s c f l h a t i o n s  o f  Hinge6  R o t o r  
E l a r t e s , "  parts of  which are i n  e r r o r .  The t h e o r y  has  
b s e n  exte-lde?, t o  i n c l u d e  t h e  s f f e c t s  o f  u n e q u a l  s t i f f n e s s  
o f  t-:a pylofi  f o i  d e f l e c t i o n s  i n  d i f f e r e n t  d i r e c t i o n s  a n d  
t h e  e f f e c t  o f  d a r q i n g  i n  t h e  h i n g e s  and  i n  t h e  -pylon. 
3 0 t h  t h e  d s r i v a t i o n  OP t h e  c h a r a c t e r i s t i c  a q u a t i o n  aiid 
t h e  a e t k o r l s  o f  a p p l i c a t i o n  of t l i e  t 5 e o r y  a r e  g i v e n .  I n  
p a r t i c u l a r ,  the t h e o r y  p r e d i c t s  t l i e  s o - c a l l e d  "odd-  
f r e q u e n c y "  s e l f - e x c i t e d  speed r a n g e  a s  w e l l  a s  t h e  s h a f t -  
c r i t i c a l  speed .  Char t s  a r e  p r e s e n t e d  f rom which  t h e  
s h a f t - c r i t i c a l  a n d  t h e  s o l f - e x c i t e d  i n s t a b i l i t i e s  can  b e  
p r e d i c t e d  f o r  a g r e a t  v a r i e t y  o f  c a s e s .  The i n f l u e n c e  of 
e a c h  p h y s i c a l  Dayameter  upon t h e  i n s t a b i l i t i e s  has been  
o b t a i n r - d .  The comprehens ive  t r e a t m e n t  a p p l i e s  t o  a r o t o r  
t h a t  has  any  number o f  b l a d e s  g r e a t e r  t h a n  t w o .  Only  a 
S r i e f  d i s c u s s i o n  a n d  t h e  fo rmula  f o r  s h a f t - c r i t i c a l  s 3 c e d  
a r e  g i v e n  f o r  t h e  one- o r  two-blade  r o t o r .  
Ths u s e  o f  complex v a r i r t b l e s  i n  c o n j u n c t i o n  w i t h  
L a g r a n g e ' s  e a u a t i o n s  ha,s been f o u n d  v e r y  c o n v e n i e n t  f g r  
t h e  t r e a t m e n t  o f  v i b r a t i o n s  o f  r o t a t i n g  s y s t e m s .  
IKTEODTJCT I O 5  
A r o t a r y - w i n g  a i r c r a f t  t h a t ,  h a s  h i n g e d  b l a d e s  w i l l ,  
u n d e r  c e r t a i n  c o n d i t i o n s ,  b e  s u b j e c t  t o  v i b r a t i o n s  which  
2 
d e r i v e  t h e i r  e n e r g y  4 f r o n  t h e  i ; o t a t i o n  o f  t h e  r o t o r  i n -  
s t e a d  o f  f r o n  t h e  ais. f o r c e s .  The t e r m  " g r o u n d  r e s o -  
nance" u s u a l l y  r e f e r s  t o  v i b y a t i o n s  of  t h i s  t y p e .  81- 
though s u c h  v i b r a t  i o n 3  have  a p p a r e n t l y  c a u s e d  accidents 
i n  some r o t a r y - v i n g  a i r c r a f t  and  h a v e  i m p a i r e d  t h e  f l y i n g  
q u a l i t i e s  o f  o t h i ; r s I  v e r y  l i t t l e  a c t e n t i o n  h a s  been  .;iven 
t h i s  p r o S l c n  i n  t h e  l i t e r a t u r e .  A t h e o r e t i c a l  a n a l y s i s  
h a s  t h e r e f o r e  been  u n d e r t a k e n ,  a n d  t h e  p u r p o s e  o f  t h c  
p r e s e n t  p a p e r  i s  t o  p r e s e n t  t h e  t 3 e o r y  a n d  t o  d e s c r i b e  
t h e  a p p l i c a t i o n  of  t h e  t 'ngory  t o  r o t a r y - w i n g  a i r c r a f t .  
G e n e r a l  v i ' o r a t i o n  t h e o r y  n:id i t G  a p p l i c a t i o n  t o  a l -  
l i e d  r robl .e rns  a s  w e l l  a s  t o  t h e  p a r t i c u l a r  p rob lem o f  
r o t o r  v i b r a t i o n  a r e  3 i s c u s s e d  I n  r e f e r e n c e s  1 t o  4 .  
good genez-a l  b a c k g r c x n d  f o r  t h e  p r e s e n t  p r o b l e m  i s  p r o v i d -  
ed i n  t h e  c h a p t e r s  02 r g t a t i n g  !x ich i r ,e ry  a n d  o n  s e l f -  
e x c i t e d  v i b r a t i o n s  i n  r e f e r e n c e  1. EZeferences 2 and  3 
t r e a t  i.;i iflore a b s t r c c t  f a s k i c n  the t o p i c s  o f  r o t z t i o n  a n d  
$-amping, B d i s c a s s i o n  of t h e  v a r i e t y  o f  n o d e s  o f  v i b r a -  
t i o n  t h a t  ox i . s t  i i z  r o t o r s  a n d  a number 0 3  f r e q u e n c y  f o r x u -  
l a s  o b t a i n e d  by  c o n s i d e r i n g  s e y ~ r a . t e l y  e a c h  d e g r e e  o f  
f reedon!  a r e  g i v e c  i n  r e f e r e n c e  4 .  T h i s  d i s c u s s i o n  d o e s  
n o t ,  however ,  l ead .  t o  n p r e d i c t i o n  o f  s e l f - e x c i t a d  m o 6 o s  
o f  v i b r a k i o a ,  
E x p e r i e z c e  hcs .  shcwn t h a t  t w o  t y ~ e s  o f  Eeckanicc t l  
v i b r a t i o n  ixq: 0ccu.r in r o t o r s .  The v i b r a t i o n  f r o q u e r c y  
o f  t h e  ~ y l o n  i s  e q u a l  t o  t h e  r o t a t i o n a l  s p a e d  i n  one t y p e ,  
u n e q u a l  i n  t h e  o t h e r .  The f i r s t  t y p e  is s o m e t i r n a s  c a l l e d  
t h e  e v e n - f r e g u o n c p  v i b r a t i o n  o r  t h o  one- to-one  f r e q u e a c y ,  
znd  t h e  second  t g p e ,  t h e  odd f r e q u e n c y ' .  The one- to-one  
freq.uency v i b r a t i o n  r e s e n i b l e s  t h e  phenomenon o c c u r r i n g  a t  
a c r i t i c e l  s p e e d  of  t h e  s h a f t  o f  r o t a t i n g  mach ine ry  a n d  
w i l l  c o n s e q u e n t l y  b e  r e f e r r e d  t o  i n  t h i s  n a ? e r  as P, 
" shnf t - c r  i t  i c a l  v i  b r a t  i cn e I' 
i s  p r o p e r l y  called a s e l f - e x c i t o d  v i b r a t i o r , .  
The 0 c? 6- f r  e qu B i: c g  v i  b r  a t  i on 
d e r i v a t i o n  of  t k e  e q u a t i o n s  of  n o t i o n  f o r  v i b r n t , i o n s  
o f  a r o t o r  f o r  t h e  c a s e  i n  which t h e  p y l o n  s t i f f n a a s  i s  
e q u a l  i n  a l l  d i r e c t i o u s  or" d e f l e c t i o n  1.s c o n t a i n e d  i n  ref- 
e r e n c e  5.  The e q u a t i o n  f o r  t h e  s h a f t - c r i t i c a l  speed  i s  
o b t a i n e d  a n d  c h e c k e d  b y  t e s t s  o f  s i m p l e  Kiociels.. R e f e r e n c e  
5 ,  however ,  c o n t a i n s  i n c o r r e c t  s t a t e m s n t s  r o g a r d i n g  t i l a  
e x i s t e n c e  o f  s e l f - e x c i t e d  v i b r a t i o n s .  The e r r o r  w a s  due 
t o  a c o n f u s i o n  i n  t h e  u s e  o f  c o n j u g a t e  complex  q u a n t i t . i a s  
which has  now been  c l e a r e d  x p .  The p r e s e n t  !)Etper t h e r a -  
f o r e  s u p e r 6 o d . e ~  r e f o r a n c e  5 t;n,d, i n  o r d e r  t o  nake t h e  
p r e s e n t  paF.sr i n 6 e p e n d e n t  o f  reference? 5 ,  t h e  c o s p l e t o  
1.. 
4 
3 
c 
4 
d s r i v a t i o n s  a r e  i n c l u d e d  h e r e i n  w i t h o u t  r e f e r e n c e  t o  t h o  
e a r l i e r  r e p a r t .  
An a l t e r n a t i v e  d e r i v a t i o n  o f  t h e  c h a r a c t e r i s t i c  equa- 
t i o n  f o r  t h e  w h i r l i n g  s p e e d s  o f  a t h r e e - b l a d e  r o t o r  h a s  
been  g i v e n  b ; ~  >Jagnei* o f  t h e  X2llstt A u t o g i r o  C o r p o r a t i o n .  
By c o n s i d e r l n g  0 1 1 1 ~  t h e  C a E e  o f  a p y l o n  h a v i n g  e q a a l  s t i f f -  
n e s s  i n  a l l  d i r e c t i o o s  o f  d e f l e c t i o n ,  t'jagaer has s h o r t e n e d  
t h e  a n a l y s i s  by c o n s i d e r i n g  d i r e c t l y  t h e  e q u t l i b r i u m  of  
f o r c e s  a n d  nomcnts  u n d e r  c o c d i t i o n s  o f  s t e a d y  c i r c u l a r  
w h i r l i n g ,  Some e x a a p l e s  o f  t h e  dependence  o f  w h i r l i n g  
speed  upon r a t a t t o n a l  speed  a r e  g i v e n ,  a n d  t h e  f o r m a l a  
f o r  t h e  s h a f t - c r i t i c a l  s o e e d  i s  o b t a i n e d .  
In t h e  g r o s e n t  r e p a r t , ,  t h e  t h e o r y  i s  e x t e n d e d  t o  i n -  
c l u d e  t h e  e f f e c t s  o f  d a n n i n g  I n  t k s  h i n g e s  a n d  i n  t i l e  kab 
a n d  t h e  e f f e c t s  o f  c l i f f e r e n t  s t i f f n e s s e s  o f  p y l o n  d e f l e c -  
t i o n  i n  d i f f e r e n t  d i r e c t i o c s .  The Z2ethod of  a n a l y s i s ,  
p a r t i c u l a r l y  t h e  u s a  o f  c o q l e x  v a r i c i b l e s  i n  t h e  e q x a t i o n s  
r e s u l t s  ai'e snown t o  bo a s p e c i a l  c a s e  o f  t h e  more g e n e r a l  
p r o b l e m  here t r e a t e d .  
..c i a o t l o z ,  i s  exp1a . i szd  iz saxe ?..etail and  a l l  t h e  p r e v i o u s  
SYI.:BOiJS 
a r e i i a l  p o s i t i o n  o f  v e r t i c a l  h i n g e  
- 
e l e m e n t s  of  t h e  c n a r a c t e r i s t i c  d e t e r -  
i' n i n a n t  ( s a o  e q u a t i o n  ( 3 1 ) )  
A 1 2  = A 1 2  
8.3, = A,,  i - I 
b d i s t a n c e  f r o n  v e r t i c a l  h i n g o  t o  c e n t e r  o f  inass o f  
b l a d e  
I 
B damping  f o r c e  p e r  u n i t  velocity o f  p y l o n  d i s T l a c e m e n t  
. 
(af F E x  + 2 ".y> 
4 
R, - By 
2 
La = -- 
31 c o e f f i c i e n t  d e f i n e d  i n  e q u a t i o n  ( 3 5 )  
BR c c e f f i c i e n t  d e f i n e d  i n  e q u a t i o n  (34) 
c , C I ,  ... C, a r b i t r a r y  c o n s t a n t s  
c c e f f i c i e n t  d e f i n e d  i n  e q u a t i o n  (36) 
' 'R c o e f f i c i e n t  d e y i n e d  i n  e q u a t i o n  (34) 
CI 
D t ime-de r i  vat ? s a  o p e r a t  o r  ( a / a t )  
F d i s s i p a t i o n  fu.nct  i o n  
I ~ i c m e n t  o f  i n e r t i F -  o f  %lade s b a u t  h i n g e  
I,, . . . I, cce" " ' '  J . L ~ c i e n t s  d e f i n e d  i n  e q u a t i o n  (37) 
j ; k  i n d i c e s  8.nd s u b s c r i p t s  u s s d  w i t h  hinge.  c o o r d i n a t e s  
. .  
( e q u a t i o n  (141) 
(Kf = --- 
2 IC spring c o n s t a n t  
M t o t a l  e f f e c t i v e  mass o f  b l a d e s  a n d  p y l o n  (m + n a b )  
AW m a s s  added  a t  hub f o r  v i b r a t i o n  t e s t  
n total nunber  o f  b l a d e s  
5 
r r a d i u s  o f  g y r a t i o n  o f  b l a d e  a b o u t  i t s  c e n t e r  o f  mass 
R,, ... R ,  c c e f f i c i s n t s  def ined.  i n  o q u a t i o n  (37) 
Q 
3 
N) 8 s t i f f n e s s  r a t i o  (KY/&) 
t t i m e  ;- .i 
17 k i n e t i c  e n e r g y  
k i n e t i c  e n e r g y  o f  r o t a t i o n  o f  b l a d e  a b o u t  i t s  c e n t e r  
o f  Eass 
T r  
k i n a t i c  e n e r g y  o f  t r a n s l a t i o n a l  mo t ion  o f  k t h  b l a d e  Tk 
k i n e t i c  e n e r g y  o f  p;ylon T S  
v p o t e n t i a l  e n e r g y  
x , y  d i s p l a c e s e n t  s 
xo  9 Ya values o f  x a n d  y when t = 0 
z complex d i s p l a c e m e n t  ( x  + iy) 
2 co3p1.ex c o n j u g a t e  o f  z ( x  - i y )  
a a n  g l  e b e t v e e 11 b 1 ad e s 
B o ,  B , ,  , . . B k  a n g u l a r  d i s p l a c e m e n t s  o f  b l a d e s  
* 
- 
value o f  P k  when t = 0 
@kO 
P '  v a r i a b l e s  r e p r e s e n t i n g  h i n g e  d e f l e c t i o n s  i l a  ck 
tJhen e q u a t i o n s  are e x p r e s s e d  i n  fixed 
c o o r d i n a t e  s y s t e r i  
b 
t 
c 0 ,  6,, *.. Gk ' v a r i a b l e s  r s p r e s e n t i n g  h i n g e  d e f l e c t i o n s  
when e q u a t i o n s  a r e  e x p r e s s e d  i n  r o t a t f n g  ' 
c o  o r  ?.inat e sys t cm 
) BY A, = ?.x - i n  a p p l i c a t i o n s  My :M7w, 
1 6 
a c g u i a r  whfr l4 .ng  v e l o c i t y  a a a s u r e d  i n  r o t a t l n g  co-  
o r d i n a t e  s y r s e a  ( u s e d  i n  n o n d i m e n s i o n a l  f o r a  i n  
a p p l i c a t  i o r , ~ )  
wa 
a n g u l a r  w h j . ~ l - i . r ~ g  ' v e l o c i t y  nc.esared i n  f i x e d  c o o r d i -  
n a t e  sgr,.:,~;!:: : I :  si?d i n  nc:i3-.i-!pcnaional f o r a  i n  ap- 
p i  i c a t  i e 1; s 1 
Wf 
.--- 
r e f e r e n c e  f r e q u e n c y  ( JiX/~,) wr 
Sub s c r i p t  s : 
f f i x e d  c o o r d i n a t e  s y s t e m  
a r o t a t i n g  c o o r d i n a t e  s y s t e n !  
J ~ ~~~~ 
hg. = i n  a p p l i c a t i o n s  
a hl = - 
) A, = EE. (2x i n  a p p l i c a t i o n s  I 
CL A3 = 
2 (1 + -  r2\ 
\ b2 /! 
P 
v 1 , v 2  e q r e s s i o n s  d e f i n e 6  i n  a q a a t i o n  (3) 
w angulc i r  v e l a c i t y  oI" r o t o r  ( t h e  d i m e n s i o n l e s s  r a t i o  
w/ar  i s  c a l l c d  w i n  a p p l i c a t i o i i s )  
. 
7 
8 h i n g e  d e f l e c t i o n  
X S Y  component d i r o c t i o n s  i n  f i x e d  c o o r d i n a t e  s y s t e n  
b b l a d e  
APPZOACB T O  THE VIBBBTIOrJ PROBLEM 
S t a b f ? i t y  a3d  I n s t a b i l i t y .  
I f  a v i b r a t o r  v e r e  a t t a c h e d  t o  a r o t o r c r a f t ,  s e v e r a l  
modes of v i b r a t i - o n  c o u l t  be e x c i t e d  at. a n y  r o t o r  s p e e d .  
Only t h e  modes t h a t  a r e  l i k e l y  t o  be e x c i t e d  d u r i n g  o p e r -  
a t i o n  o f  t h e  a i T c r a f t ,  however ,  & r e  i n p o r t r - i n t .  
I n  t h e  p r e s e n t  d i s c u s s i o n ,  i t  is c o n v e n i e n t  t o  c l a s s i -  
f y  t h e  modes o f  v i b r a t i o a  a c c o r d i n g  t o  t h s  c i r c u c s t a n c e s  
r e q u i r e d  f o r  t h e i r  e x c i t a t i o n .  The d i f f e r e n t  t y p e s  of  v i -  
b r a t i o n  a r e  i d e n t i f i o d  a n a l y t i c e l l y  by t h e  n a t u r e  of  t h e  
r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n .  A h i n g e d  r o t o r  n a y  
e n c o u o t e r  t h r e e  t y p e s  of  v i b r a t i o n  wh ich ,  f o r  c o n v e n i e n c e ,  
a r e  h e r e i n  d e s i g n a t e d  o r d i c a r y ,  s e l f  e x c i t e d ,  a n d  s h a f t  
c r i t i c s l .  A t  z e r o  o r  s l o w  r o t a t i o n a l  s p e e d s ,  a n  e x t e r n z l  
f o r c e  i s  r e q u i r e 2  t o  e x c i t e  v i b r a t i b n .  The f r i c t i o n  a l -  
ways p r e s e n t  i n  s u c h  systems c 3 u s e s  t h e  v i b r a t i o n  t o  bc  
dsrmped o u t  when t h e  f o r c e  i s  r e a o v e d .  Xodes o f  v i b r a t i o n  
r e q u i r i n g  a n  e x t e r n a l  a p p l i e d  f o r c e  t o  n a i n t a i n  them w i l l  
be  c s l l e 0  o r d i n a r y  v i b r a t i o n s .  The m a t h e m a t i c a l l y  i d e a l -  
i z e d  c a s e  of  z e r o  damping will also be  c o n s i d e r e d  a n  o r d i -  
n a r y  v i b r a t i o n  --Then i t  i s  u n d e r s t o o d  t o  bo a n  ap;?roxima- 
t i o n  t o  a s y s t e n  a c t u a l l y  dan?ped. S e l f - e x c i t e d  nodes  o f  
v i b r a t i c n  a r e  t h o s e  w i t h  n e g a - t i v e  damping and a r e  r e c o g -  
n i z e d  a n a l y t i c a l l y  by t h e  f a c t  t h a t  a r o o t  o f  t 3 e  c h a r e c -  
t e r i s t i c  o q a a t i o n  i s  a complex number which  h a s  8 n e g a t i v e  
i m a g i n a r y  p a r t .  A s l i g h t  d i s t u r b a n c e  w i l l  t e n d  t o  i n -  
c r e a s e  w i t h  t i m e  i n s t e a d  o f  damping o u t .  
When a r o t a t i n g  sys tem i s  n o t  p e r f e c t l y  b a l a n c s d ,  t h a  
c e n t r i f u g a l  f o r c e  o f  t h e  u n b a l a n c e d  mass may e x c i t e  v i b r a -  
t i o n s  t h a t  have  p e a k  a m p 1 i t u d . e ~  a t  c e r t a i n  r o t a t i o n a l  
s p e e d s .  V i b r a t i o n  e x c i t e d  bg u n b a l a n c e  and  i n  r e s o n a n c e  
w i t h  t h e  r o t a t i o n  w i l l  be  c a l l e d  s h a f t - c r i t i c a l  v i b r a t i o n .  
T h i s  t y p e  o c c u r s  a t  t h e  r o t a t i o n a l  speed  a t  which  t h s  
s p r i n g  s t i f f n e s s  o f  t h e  p y l o n  i s  n e u t r a l i z e d  by t h e  cen -  
t r i f u g a l  f o r c e .  I n  t h e  a n a l y s i s ,  t h s  s h a f t - c r i t i c a l  v i -  
b r a t i o n  i s  r e c o g n i z e d  i n  r o t a t i n g  c o o r d i n a t e s  a s  a z e r o  
f r e q u e n c y  a n d  i n  f i x e d  c o o r d i n a t e s  as  a f r e q u e n c y  e q u a l  t o  
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t h e  r o t a t i o n a l  s p e e d .  The c r i t i c a l  s p e e d s  of  a r o t a t i n g  
s h a f t  a r e  o common example o f  t h i s  c l a s s .  
Thz p u r p o s e  of  a t h e o r y  o f  r o t o r  v i . b r a t i o n  i s  n a i n l y  
t o  p r e d i c t  t h e  o c c u r r e n c e  of  a n d ,  if p o s s i b l e ,  t o  s h o w  h o w  
t o  a v o i d  s e l f - e x c i t e d  a n d  s h a f t - c r i t i c a l  v i b r a t i o n s .  
Cho ice  o f  D e g r e e s  o f  Freedom 
Of t h e  l a r g e  number of  d e g r e e s  o f  f r e e d o m  o f  a h i n g e d  
r o t o r ,  t h e  imTortanis o n e s  f o r  + h e  p r e s e n t  p r o b l e m  have  
been  f o u n d  t o  be h i n g e  d e f l e c t i o n  o f  t h e  b l a d e s  i n  t h e  
p l a n e  o f  : :o ta t ion  and h o r i z o n t a l  a e f l e c t i o n s  o f  t h e  p y l o n ,  
O the r  d e g r e e s  of f rear lom, s u c h  a s  t h e  f l a p g i n g  h i n g e  mo- 
t i o n  o f  t h e  b l a d e s ,  t t e  b e n d i n g  o r  t o r s i o n  o f  t h e  b l a t t e s ,  
a n d  t h e  t o r s i o n  o f  :he drive s h a f t ,  t i re  c o n s i d e r e d  unim- 
p o r t a n t  i u  t h e  yroblen o f  s e l f - e z c i t e d  o s c i l l a t i o n s .  Some 
r c c t i o n s ,  s c c h  a s  l a n d i n g - g e a r  d e f l e c t i o n ,  t h a t  p r o d u c e  
l a t e r a l  d e f l e c t i o n  a t  t h e  t o p  o f  %lie p y l o n  may, however ,  
be impor t z n t  . - 
P h y s i c a1 P a r  an c. t e r s 
T h e  t h e o r e t i c a l  r e s i i l t s  g i v e n  l a t e r  p r o v i d e  a a e 8 . n ~  
o f  p r e d i c t i n g  :he n a t a r a l  f r e q u e n c i e s  a n d ,  i n  p a r t ;  LbuALCrr, -.-'I - 
t h e  c - i t l c a l  s p e e d s  and u n s t a b l e  spencl ranges i n  t e r m s  of  
c e r t a i n  p h y s i c a l  p a r a m e t e r s ,  such  a s  s a s s ,  s t i f f n e s s ,  a n d  
l e n g t h .  The s u c c e s s f u l  a p g l i c n f i o n  o f  t h e  t h e o r y  d e p e n d s  
upon t h e  d e t e r m i n a t l o n  o f  t h e  p r o p e r  v a l u e s  o f  t h e s e  phys-  
i c a l  p a r a m t t e r s  f o r  t h e  a i r c r a f t  o r  nodel b e i n g  s t u d i e d .  
The i m p o r t a n t  p a r a m e t e r s  t o  be  d c t o r i n i n e d  are: 
a r a d i e l  p o s i t i o n  of v e r t i c a l  h i n g e .  
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b d i s t a n c e  f r o m  v e r t i c a l  h i n g e  t o  c e n t e r  o f  mass o f  
b l a d e .  
mass of b l a d e .  F l e x i b i l i t y  o f  t h e  b l a d e  s t r u c t u r e  
may have  t o  be  ta.ken i n t . 0  a c c o u n t  b y  t h c  u s e  o f  
a n  e f f e c t i v e  v a l u a  o f  ab d i f f e r e n t  f rom t h e  ac -  
t u a l  b l a d e  mass. The e f f e c t i v e  b l a d e  xass can  3 e  
t a k e n  a s  t h a  v a l u e  r e q u f r e d  t o  make t h e  t h e o r y  
p r e d i c t  t h e  c o r r e c t  p y l o n  n a t u r a l  . f r e q u e n c y  when 
t h e  r o t o r  Cas  a z e r o  3r v e r y  slow r o t a t i o n a l  s p e e d .  
m% 
I moment o f  i n e r t i a  of  'trlade a,bout h i n g e  [mbb' (l+$)] 
9 
Q) 
0 
m 
I 
d 
sprlw constant of self-centering springs, which can be 
determined by a force t e s t  or from the hinge frequency 
w i t h  the hub r ig id ly  supported. 
+,my 
KXilzy effect ive a t i f fness  of pylon. 
effect ive mas8 of pylon for  deflections i n  x- and y-directiono. 
The effective mass of the pylon is  the value af a con- 
centrated mass that would bavs the same kine t ic  enoi'gy expressed 
in  teras of the deflectiom at the hub RS tho actual. pylon and hub 
if it were placed at tha ro tor  hub i n  tho plum of rotation. 
The effcctive s t i f rhesa of the p y l a  i s  tho otii'fnccs of n 
spring tha t ,  i f  placed tit tho hub i n  the plmb of rotation, would 
have the s m e  Po-Lcntiial eiierm i n  t o m s  of deflections at the hub 
~ E I  the a c t u d  pylon. Equivalent def in i t ions  as0 that, i f  a sin@o 
~ p r i n g  and mass were irmgined t o  be substi tuted at tho hub i n  tho 
plane of ro ta t ion  for  tho pylon and hub, t he  natural frequency md 
the  change of natural  frequency with addod mass would be the  sane as 
for the Gctual pjlon. 
An experimental method of measuring the effect ive mass % 
an0 s t i f fnes s  KX of tho i g lon  i s  t o  replaco the rotor by M 
approximatou oqual, rigid, concentrated mass @M at tho hub 
and t o  measure the natural  frequency f o r  two or more vdlues of t h i s  
added mass. The qumt i t i ce  are then re la ted  by tho equation 
o r  
If maasurod values of l/wf2 axe plo t ted  agdnst added mass LW 
and Q o t r a i g h t  line is drawn through the points, the intercopt Rnd 
the c l o p  of the line w i l l  dctcrjnine the effectivo values of 
Kx and %. 
For the parumoters a a d  b, the actudL geamstric lengths ahould 
be used unless the  f l ex ib i l i t y  of tho hinge offset  m 
compay.able i n  n q n i t c d e  ni% the  bingo spzfng sLiffnese. 
case, it i s  rocmend& t h a t  an effective vduo of 
and t ha t  
value of Q + b. 
n is 
i n  this 
a bo guessed 
b bo dotermined by subtraction from tho correct goomotric 
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Tho derivation o f  the  character is t ic  equat-on t h a t  is used 
a8 tho basis for  predicting the unstaB2.e osc i l la t ions  of a rotor 
is presented i n  this section of the report. 
The &amping parameters may be defined %y the  form of' a 
diosipatlon function F. The function 
i s  equd  to  %he r a t e  of dlssipation of energy by d.auping* 
The pnrmet,ers B, and By thus measure the damping force per 
unit velocity referred t o  l i nea r  disphcements of the top of t h e  
pylon and BB 
a t  n blade hinge. 
constant, effective values should be used tha t  will represent the 
same dissipation of energy per cycle as actual ly  occurs with a 
reasowble m p l i  tude of vibration . 
vibration i n  il single degree of freedom is  given i n  t e r n  of 
i s  the damping torque per unit angular velocity 
If the damping force per unit velocity i s  not a 
The nmplitude of f r ee  
B - 9  
B, By, mld Bp by 
q = ~ g e  a4 
The dmping parameters are probably the  most d i f f i c u l t  ones 
t o  measwe accwaiely. In  practice, it is advioablo to W e  
calculationa for a given case, first on the basis of no damping 
and then with the w e  of tho estimated valuea of the  damping 
p m m t e r s .  
MATBEMATICAL LIEvELOPMEllTS 
Method of Analysis 
4 
co 
3 
V )  
R e a d e r s  i n t e r e s t e d  s o l e l y  fn a p p l i c a t i o n s  c a n  omi t  t h i s  
s e c t i ~ n  and p r o c e e d  i m n e d i a t e l y  t o  t h e  s e c t i o n  e n t i t l e d  
?%&hod o f  A p p l y i n g  Theory." 
Tha method o f  a u a l y s i s  t r e a t s  t h e  e q u a t i o n s  o f  n o t i o n  
f o r  small d i s p l a c e m e n t s  Tram t h e  e q u i l i b r i u m  c o n d i t i o n  
w i t h  s t e a d y  r o t a t i o n ,  A p r o p e r  c h o i c e  o f  c o o r d i n a t e s  
l a a d s  t o  e q u s 5 i o n s  w i t h  c o n s t a n t  c o e f f i c i e n t s .  The solu- 
t i o n s  a r e  e x p o n e n t i a l  o r  t r i g o n o m e t r i c  f u n c t i o n s .  
Tha m a t h e n a t i o a l  m a n i p a l a t i o n s  i n v o l v e d  i n  t r e a t i n g  
t h e  n io t ions  o f  a m,%sg i n  a p l s n e  o f  r o t a t j o n  a r e  f a c l l i -  
t a t o d  by t h e  u s e  o f  a complex v a r i a b l e ,  Xihe t y p i c a l .  d i s -  
t u r b e d  n o t i o n  o b t a i a e r l  by  e c l v i n g  t h e  e q u a t i o n s  of  m3- 
t i o o  i s  art e l l i p t i c  w h i r l i n g  m o t i o n ,  v r ' n l ch  1 s  r o j ' e s e n t c d  
i n  t e r z s  o f  a com2lox  v a r i a b l e  z = x t i y .  A 5  i;,~y ic- 
s t s n t ,  z r a p r e s e n t s  t h e  d i s p l a c e m a n t  of t h o  pylon f r o m  
i t s  e q u i l i b r i u m  p o s i t i o n .  An e x p r e s s i o n  s u c h  a s  
i w f t  
e = ce  
r e p r e s e n t s  w h i r l i n g  o f  t h e  p y l o n  i3 a c i r c l e  of  r a d i u s  c 
w i t h  a n g u l a r  v e l o c i t , P  wf. The s i g n  o f  wf d e t e r m i n e 8  
t h e  s e n s e  of  t h e  r o t a t i o n .  Two r o t a t i o n s  i n  o p p o s i t e  
s e n s e  w i t h  t h e  same r a d i u s  a r e  e q u i v a l e n t  t o  a v i b r a t o r y  
m o t i o n  i n  a s t r a i g h t  l i n e .  
i w f t  
= 2c  c o s  W f t  
Two o p p o s i t e  r o t a t i o n s  o f  d i f f e r e n t  r a d i i  a r e  e q u i v a l e n t  t o  
w h i r l i n g  i n  a n  e l l i p s e .  complex v a l u e  o f  Wf r e p r e s e n t s  
w h i r l i n g  i n  a s p i r a l ,  which may be e i t h e r  a damped o r  a 
s e l f - e x c i . t e d  mot ion  depend ing  upon t h e  s i g n  o f  t h e  i m a g i -  
n a r y  p a r t .  A s e l f - e x c i t e d  m o t i o n  e x i s t s  when t h e  i m a g i n a r y  
p a r t  o f  wf i s  n e g a t i v e ,  and  t h e  magn i tude  o f  z i n c r e a s e s  
w i t h  t i m e .  
The d i s p l a c e m e n t s  m y  be r e f e r r e d  t o  a f i x e d  o r  t o  a 
r o t a t i n g  c o o r d i n a t e  system. If ef a n d  za a r e  t h e  d i s -  
p l a c e m e n t s  w i t h  r e s p e c t  t o  a f i x e d  2nd t o  a r o t a t i n g  r e f -  
e r e n c g  s;Tstem, r e s p e c t i v e l y  , 
ef = z,e i w t  
If 
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i w a t  
z a  = c e  
L 
t h e n  i ( ua+w) t 
zf = c e  
A w h i r l i n g  speed  tua w i t h  r e s p e c t  t o  t h e  r o t a t i n g  c o o r d i -  
n a t e s  t h u s  c o r r e s p o n d s  t o  a w h f r l i n g  s p e e d  w f  = w, + CL' 
w i t h  r e s F e c t  t o  t h e  f i x e d  c o o r d i n a t e s .  A s h a f t - c r i t i c a l  
v i b r a t i o n  c o r r e s p o n d s  t o  w, = 0 i n  t h e  r o t a t i n g  c o o r d i -  
n a t e  s y s t e m  o r  t o  (of = w i n  t h e  f i x e d  c o o r d i n a t e  sys t em.  
Example o f  E o t o r  w i t h  Locked H i n g e s  
An example t h a t  i n v o l v e s  a p a r t i a l  u s e  o f  complex 
v a r i a b l e s  i s  given oil page 253 o f  r e f e r e n c e  2 .  The p r o b -  
l e m  g i v e n  t h e r e  o f  a cass p z r t i c l e  a o v i n g  on t h e  i n n e r  
s u r f a c e  02 a r o t a t f n p ;  s p h e r i c a l  bowl i s  m a t h e m a t i c a l l y  
e q u i v a l e n t  t o  t h e  d i s t u r b e d  m o t i o n  o f  a f l y w h e e l  and  s h a f t  
o r  o f  a r o t o r  w i t h  f o c k o d  b i n g o s .  The e a u a t i o n s  o f  m o t i o n  
o b t a i n e d  i n  r e a l  f o r n i  i n  r o t a t i n g  c o o r d i n a t e s  
Bats IC ya + 2wjta - w2ya = - -- - 
M bf ya 
,- 
a r e  combined i n  t h e  s i n g l e  e q u a t i c n  
4 
. 
i w t  - u ,  t + i w r  t - u, t - i+ t 
'a e = C,e + C,e ( 3 )  
where 
. .  za  = xa + i y ,  
i s  t h e  complex p o s i t i o n  v e c t o r  i n  t h e  r o t a t i n g  c o o r d i n a t e  
sys tem.  The c o n p l e t e  s o l u t i o n ,  i f  s m a l l  damplag i s  as- 
sumed., i s  
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1 
t=i 
D, = - 1 - Ba (1 4. t) 
2 M  
The path o f  t h e  motion i s  r e p r e s e n t e d  by r o t a t i o n s  of  n 
compl.ex v s c t o r  i n  a plane. 
and za can b e  t r e a t e d  as  a g e n e r a l i z e d  c o o r d i n a t e  in t h e  
Lttgrc?nz;ian e q u a t l o n w - o f  motion.  The k i n e t i c ;  aid p o t e n t i a l  
e n e r g y  o x p r a s s i c u s  c a n  b e  i x n e d i a t e l y  w r i t t e n  as  
.A d i s s i p a t i o n  fv -nz t i c r :  f o r  damping t h s t  cie2ends upon mot ion  
r o l a t l f e  t o  t l : B  r o t a t i n g  sys tem c a n  be w r i t t e n  
The e q u a t i o n s  o f  m o t i o n  a r e  now o b t a i n e d  by  c o n s i d e r i n g  
za a n d  za as g e n e r a l i z e d  c o o r d i n a t s s  i n  t h e  L a g r a n g i a n  - 
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e q u o t i o n s .  S u b s t i t u t i o n  i n  t h e  e q u a t i o n  
4 
t h c s  y i e l d s  t h e  e q u a t i o n  p r e v i o u s l y  g i v e n  
? h e  same method CP.Q be u s e d  t o  o b t a i n  t h e  equz t t ions  
o f  ;no l ion  i n  t h e  i5 .xsd  c o o r d i n s t o  syLi=i::n. I n  t h :  :: c a s e ,  
7 
i 
The oo .ua t ion  o f  ~ o t i o n  i n  t e r m s  o f  zf becomes 
.. ij E; 
M 1; 
Z f  e -- A (if - i W Z f )  4- - -  Z f  = 0 
end t h e  s o l u t i o =  C O T  s ~ a l l  v a l u e s  o f  $.amping i s  
T h i s  s c l u t i o n  ~ ~ C W S  t h a t  t h e  m o t i c n  c o n s 5 3 t s  o f  
t 
( 7 )  
t w o  c i r c u -  
T h i s  exampla i l l u s t r a t e s  a s h a f t - c r i t i c a l  spesd  f o r  
W = /xp and  a s e l f - e x c i t e d  i n s t a b i l i t y  f o r  W > Jic/z.I. 
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A d i s c u s s i o n  of  t h e  p h y s i c a l  p i c t u r e  o f  t h i s  i n s t a b i l i t y  
due t o  damping i s  g i v e n  on page  293 of  r e f e r e n c e  1. 
cg The e f f e c t  o f  damping i n  a n o n r o t a t i n g  p a r t  o f  t h e  
cr) s y s t e m  c?,n be i n c l u d e d  i n  t h a  a n a l y s i s  m e r e l y  by a d d i n g  t o  
GI 
a 
t t h e  p r e v i o u s  d i s s i g a t i o n  f u n s t i o n  t h e  t e r m  
The o q u a t i o n  o f .  Eotion t h e n  b a c o n e s  
The s o l u t i o n  f o r  s m s l l  v a l u e s  o f  damping bccomes 
[- - Bf - B, (1 - 
2bI 2M zf = C,e 
Tho m o t i o n  i s  now u n s t 8 , b l e  abovo t h e  s p e e d  
Hinged R o t o r  
(10) 
I n c l u s i o n  o f  t h e  e f f e c t  of h i n g a  m o t i o n  i n  t h e  p l a n e  
o f  r o t a t i o n  i n c r e a s e s  t h o  number of  d e g r e e s  of  f reedom 
a n d  t h e  number of  e q u a t i o n s  o f  n o t i o n .  Fo r  axample ,  t h r e e  
h i n g e d  b l a d e s  and  t w o  d i r e c t i o n s  o f  p y l o n  d e f l e c t i o n  g i v e  
f i v e  d e g r e e s  o f  f r eedor s  t o  be c o n s i d e r e d .  I f  s p e c i a l  l i n -  
e a r  c o m b i n a t i o n s  o f  t h e  h i n g e  d e f l e c t i o n s  pk a r e  u s e d  a s  
g e n e r a l i z e d  c o o r d i n a t e s ,  no more t h a n  f o u r  d e g r e e s  of  f r e e -  
dom n e e d  be  c o n s i d e r e d  s i m u l t a n e o u s l y ,  The u s e  o f  complex 
v a r i a b l e s  r e d u c e s  t h e s e  f o u r  e q u a t i o n s  t o  two e q u a t i o n s .  
A p p r o p r i a t e  v a r i a b l e s  i n  t h e  r o t a t i n g  s y s t e m  f o r  a 
t h r e e - b l a d e  r o t o r  a r e  
. 
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I 
.d 
These  variables a n d  t h e i r  co r rp l cx  con  j u g n t o s  s a t i s f y  t h e  
r e l a t i o n s  
_-_ - 
6, = - e, e, = - 6 ,  
and  a l s o  
The v p r i a b i e s  B t ,  by v i r t u e  0 2  t h e i r  meaning ,  a r e  r c -  
f e r r o d  t o  a r o t a t i n g  c o o r d i n s t e  s y s t o n .  The s p o c i a l  l i n e a r  
c o m b i n a t i o n s  o f  t h e  d e n o t e d  by 6 1 ~  a r e  a l s o  r e l o r r e d  
t o  a r o t a t i n g  c 9 o r i i i n a t e  c;rsfern. The a p p r o p r i a t o  variables 
t o  r e p r e s e n t  t h e  h i n g s  d e f l u c t i o n s  when f i x e d  c o o r d i n a t e s  
& r e  u s e d  a r e  d e f i c e d  by 
G e o m e t r i c a l l y ,  0 ,  o r  5 ,  i s  t h e  coniplax v e c t o r  r e p -  
r e s e n t i n g  t h e  d i s p l a c e i n e n t  due t o  h i n g e  d e f l e c t i o n  o f  t h e  
c e n t e r  of  mass o f  a l l  t h e  b l a d e s ,  just a s  z r e p r e s e n t s  
t h e  p o s i t i o n  o f  t h e  s h a f t  due t o  p y l o n  d e f l e c t i o n .  I t  . r i l l  
be  shown l a t e r  t h a t ,  i n  t h e  e q z l a t i o n s  of  m o t i o n ,  8,  i s  
c o u p l e d  w i t h  z a n d  6 ,  i s  an i n d e p e n d e n t  p r i n c i p a l  co -  
o r d i n a t e .  E q u a t i o n s  (21) when s o l v e d  l o r  B o ,  p , ,  and B, 
become 
8 0  * 81 + 8, = 5iB0 
4 
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Then ,  i n  a mode i n v o i v i n g  8, 
. 
8, = 0 
e l = - e  b iwa.t 
2 
e, - - 81 
B ,  = s i n  ( w a t  - a) (13) 
8 ,  = s i n  w , t  
E n . u a t i o n s  ( 1 3 )  s h o w  t h a t ,  i n  t h e  6,-c;ode, t h e  b l a d e s  
a r e  u n i i e r g o i n g  s i n u s o i d a l  v i b r a t i o n s  120' o u t  o f  p h a s e  w i t h  
one a n o t h e r  i n  a manner a n a l o g o u s  t o  t h r e e - p h a s e  e l e c t r i c a l  
c u r r e n t s  
G e n e r a l  f o r m u l a s  f o r  any number o f  b l a d e s  a r e  
--. n- 1 
I 
k- 0 I 
a =  271 
n 
- 6  
- 
i -  n- j 
n- 1 
2 
n 
6, = 6, 
D e r i v a t i o n  
k= 0 i 
-. 
o f  E q u a t i o n s  of  Mot ion  
(14) 
The e q u a t i o n s  o f  m o t i o n  and t h e  c h a r a c t e r i s t i c  equa-  
t i c n  o f  w h i r l i n g  spec  s a r e  h e r e i n  d e r i v e d  f o r  t h e  g e n e r a l  
c a s e  o f  t h r e e  o r  more e q u a l  b l a d e s  on a p y l o n  t h a t  may 
h a v e  d i f f e r e n t  s t i f f n o s s  p r o p e r t i e s  i n  d i f f e r e n t  d i r c c -  
t i o n s  of d e f l e c t i o n .  The e f f e c t s  o f  damping  i n  t h a  b l a d e  
h i n g e s  a n d  i n  t h e  p y l o n  a r e  i n c l u d e d .  The e q u a t i o l i s  a r e  
f i r s t  f o r m u l a t e d  i n  a n o n r o t a t i n g  r e f e r e n c e  s y s t e m .  The 
18 
required m o d i f i c a t i m  me then given for the c m e  of i s o t r o p i c  
support Etiffnoss. Tha correspcnding equations referred t o  the 
rotating coordinates are then obtained. 
L e t  t h e  p o s i t i o n  o f  t h e  c e n t e r  o f  mass o f  t h e  L t h  
b l a d e  be  r e p r e s e n t e d  b y  t h e  complex q u a n t i t y  Zk i n  t h e  
p l a n e  o f  r o t a t i o n .  ( S e e  f i g .  1.) L e t  t h e  b e n d i n g  d e f l e c -  
t i o n  o f  :'le p y l o n  be  r e p r e s e n t e d  by zf i n  a n o n r o t a t i n g  
c o o r d i n a i e  sys t em a n d  l e t  B, be t h e  h l n g e  d e f l e c t i o n  of  
t h e  k t h  b l a d e .  Then 
+ @ + b e  i B k j  e i ( a k + w t )  
= Zf 
:r i 
The corcplex v e l o c i t y  i s  
(15) 
Because  o n l y  small d i s p l a c e m e n t s  a r e  b e i n g  c o n s i d e r e d ,  t h e  
e x p o n e n t i a l  f a c t o r s  c o r ~ t a i n i n g  B k  c a n  b e  expanded a n d  
o n 1 3  t h e  t e r m s  t h a t  l e a d  t o  q u a d r a t i c  t e r n s  f o r  t h e  k i n e t i c -  
e n e r g y  e x y r e s s i o n  n e e d  be c o n s i d e r e d .  
Some t e r m s  c a n  be i g n o r e d  e i t h e r  b e c a u s e  t h e y  c a n c e l  
a f t e r  s u n n a t i o n  f o r  a l l  t h e  b l a d e s  o r  b e c a u s e  t h e  c c r r e -  
s p o n d i n g  d e r i v a t i v e  e x p r e s s i o n s  i n  t h e  L a g r a n g i a n  equations 
v a n i s h .  The s u b s t i t u t i o n  
l e a d s  t o  a n  e x p r e s s i o n  f o r  t h e  k i n e t i c  e n o r g y  o f  t r a n s l a -  
t i o n a l  mo t ion  o f  t h e  k t h '  b l a d e .  
. .  
( 1 7 )  
1 
2 . = - mb Zk Hk 
where 
Y 
19 
. 
P 
3 m 
The k i n e t i c  e n e r g y  o f  r o t a t i o n  a b o u t  t h s  c e n t e r  o f  mass of  
t h e  b l a d e  i s  
T, = - mb r" 8k2 . 1 
2 (18) 
The c f f a c t i v e  mass o f  t h e  p y l o n  may be  d i f f e r e n t  i n  t h e  
xf-  a n d  in t l ie y f - d i r e c t i o n s .  Al lowance  f o r  t h i s  p o s s i -  
b i l i t y  .is ns.de by w r i t i n g  t h e  k i n e t i c  e n e r g y  of  t h e  p y l o n  
as 
1 f  = a  T, - -   jm,xf -i m j i i f a )  
where 
7 
ax + n 
m =  
2 
mx - my A m  = 
2 
(19) 
The t o t a l  k i n e t i c e n e r g y  i s  tho sum o f  t h e  e x p r e s s i o n s  f o r  
t h e  s e F a r a t e  k i n o t i c  e n e r g i e s .  
The p y l o n  s p r i n g  c o n s t a n t  may d i f f e r  i n  t h a  xf- a n d  i n  
t h e  y f - d i r a c t i  > n s  a n d ,  c o n s e q u e n t l y ,  t h e  p o t e n t i a l  e n e r g y  
c a n  bo e x p r e s s e d  8 . 8  
1- .@-- u J 
The e f f s z t  o f  dainping w i l l  50 c k ~ - " s s c d  wit.h t h e  & i d  
o f  fi. C i s s i ; ; t i o n  fu: ;c t ion.  I f  dp-rnpicg e x l s t s  i n  t f ; 3  p y l o n ,  
i n  t h e  rotating s h a f t ,  a n i  i n  t h e  h i r - g c s ,  this f u n c t i o n  be- 
c 0132 s 
n-1 a 
L f 2  + 'L, . .  
F = & [ * '  2 B Z ~ Z ~  4 AB -- 2 - + B,za-i& + d 7 3,b,"] (21) 
k= 0 
The eum of  t h o  v a r i o u s  e n e r g y  e x p r e s s i o n s  f o r  a l l  t h e  
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blac' ,ce,  o x p r e s s c d  i n  t e r m s  o f  t h o  v e r i a b l o s  zf and l k  
i n  t h e  n o n r o t a t i n g  c o o r d i n a t e s ,  becones 
The L a g r a n g i a n  e q c a t i o n s  o f  m o t i o n  a r e  
a T  as 
. 
and s i ~ i i a r  c x p r e s s i o o s  f o r  the o t h e r  v a r i a 5 l e s .  The equa-  
t i o n s  o f  r o t i c n  i n  f i x e d  c o o r d i n a t e s  t h e n  bacome 
(rI i+D?Z~~)  Cf + EE.v L 4 3a( Zf - iWZc)  f KZf + Clll%f + AZ?f $. O E f  $. m b  = O 
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where C k  r e f e r s  t o  t h e  t - v a r i a b l e s  o t h e r  t h a n  p,. The 
complex c o n j u g a t e s  o f  t h e s e  e q u a t i o n s  a r e  a l s o  o b t a i n e d  
but g f v e  n o  s d d i t l o n a l  i n f o r m a t i o n .  Each  complex e q u a t i o n  
9 i s ,  o f  c o u r s e ,  e q u i v a l e n t  t o  t w o  r e a l  e q u a t i o n s .  I t  i s  
n o t i c e d  t h a t  t h e  f i r s t  t w o  e q u a t i o n s  c o n t a i r  o n l y  t h e  v a r -  
I and  81~6 t h a t  t h e  t h i r d  e q u a t i o n  i a b l e s  zI", zf, 
r e p r e s e n t s  n-2 e c i u a t i o n s ,  each  c o n t a i n i n g  one i n d e p e n d -  
ent, p r i n c i p a l  c o o r d i n a t e  Ck. The p h y s i c a l  meaning  of  
t h i s  p a r t i a l  s ega ra ' c ion  of  v a r i a t l e s  i s  t h a t  a b l a d e  m o -  
t i o n  r e p y e s e n t e d  by lS i n v o l v e s  n mot ion  of  t h e  common 
c e n t e r  o f  mass o f  t h e  S l a d e s  a n d ,  t h u s ,  a c o u p l i n g  e f f e c t  
w i t h  t h e  p y l o n .  B l a d e  n o t i o n s  i n  which t h e  common c e n t e r  
of nass c ioes n o t  move a r e  r e p r e s e n t e d  by [ z ,  . . . cn. For  
t h r e e  b l a d e s ,  t h e  only such  moCle i s  t h e  one c o r r e s p o n d i n g  
t o  c0. I n  t h i s  rnoCe, a l l  t h e  b l a d e s  move i n  p h a s e ;  t h e  
m o t i c n  i s  a lvays damped and  does  n o t  l e a d  t o  i n s t a b i l i t y .  
The e q u a t i o n s  of mot ion  of  a one- o r  two-b lade  r o t o r  
M 
I4 
a r e  soinairhat d i f f e r e n t  from e q u a t i o n s  (24). The d i f f e r -  
ence  i s  c o n n e c t e d  w i t h  t h e  c i r c u m s t a n c e  t h a t  a r o t o r  o f  
t h r e e  o r  n o r e  e q u a l  b l a d e s  has  n o  p r e f e r r e d  d i r e c t i o n  i n  
i t s  p l a n e ;  v h e r e a s ,  a one- o r  two-b lade  r o t o r  h a s  d i f f e s -  
e n t  dynamic: p r o p e r t i e s  i n  d i r e c t i o n s  a l o n g  and n o r n a l  3 0  
t h e  b l a d e s .  Ocly a b r i e f  s ta ter ;err t+and t h e  f i n a l  e q u a t i o n  
f o r  s h a f t - c r i t i c a l  speed  v i 1 1  be  g i v e n  f o r  t h e  one- o r  
two-blade .  r o t  o r .  
The e q u a t i o n s  of  mot ion  i r , v o l v i n g  zf and  c 1  c a n  
be w r i t t e n  more c o m p a c t l y  by u s e  o f  t h e  n o t a t i o n  
dZ D2 = - d D = -  a t  d t a  
and  t h e  s u b s t i t u t i o n s  
"a - _I M 
a 
= A, - 
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} (251 
The C h a r a c t e r i s t i c  e q u a t i o n  
The g e n e r a l  f o r m  o f  s o l u t i o n  o f  e q u a t i o n s  (26) i s  a n  
e l l i p t i c  v h i r l i n g  m o t i o n  t h a t  c a n  3 e  r e p r e s e n t e d  by 
S p e c i a l  c ~ i s e s  o f  t h i s  m o t i o n  i n c l u d e  w h i r l i n g  i n  8 c i r c l e  - 
S u b s t i t u t i o n  of e q u a t i o n s  (27) i n  e q u a t i o n  ( 2 6 )  g i v e s  
C, = C t J  = 0 ,  a n d  l i n e a r  .vL'oi*ation. c ,  = c, ,  c, = c,. 
" 
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. 
I n  o r g e r  f o r  e q u a t i o n s  (27) t o  b e  a solution o f  e q u a t i o n s  
(26), eq,ua.%ions ( 2 8 )  n u s t  be  s a t i s f i e d  f o r  e a c h  v a l u e  o f  
i w f  t - ii5f t 
t .  The c o e f f i c i e n t  of  e a c h  t ime  f a c t o r  e o r  e 
must t h e r e f o r e  s e p a r a t e l y  v a n i s h .  Because  e a c h  bracke ted .  
e x p r e s s i o n  r e p r e s e n t s  a corrplex q a a n t i t y  t h a t  v a n i s h e s ,  
i t s  complex  c o n j u g a t e  a l s o  must v a n i s h .  The c o n d i t i o n  
f o r  a s o l u t i o n  c a n  t h e r e f o r e  b e  e x p r e s s e d  b y  t h e  v a n i s h i n g  
o f  t h e  f l r s t  b r a c k e t e d  t e r m s  a,nd t h e  complex c o n j u g a t e s  
o f  t h e  second  b r a c k e t e d  t e r n s .  Hence ,  
.J 
-- 
where k I i ( i w f )  i s  t h e  c o n p l e x  c o n j u g a t e  of A , , ( - i W f )  
a n d  i s  o’stained- f rom B , , ( i w f )  by c h a n g i n g  iu, t o  -iu 
witlioGt c h a n g i n g  i w f .  The c h a r a c t e r i s t i c  eq’ lnt ion g i v i n g  
t h e  r o t a t i o n a l  s p e e d s  i s  t h e  d e t e r m i n a n t  o f  t h e  c o e f f i c i e n t s  
of C I S  C, C , ,  and  C, e q u a t e d  t o  z e r o .  Wi th  t h e  s e c o n d  
- - 
and  t h i r &  columns i n t e r c h a n g e d  f o r  symmetry,  
n a n t  becomes 
A1 2 8 2 2  0 0 
0 A i  1 
T h e  expanSed  f o r m  of t h i s  d e t e r m i n a n t  i s  
A -  - -  
t h e  d e t e r m i -  
= o  
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Ths  r o o t s  u'f ~f t h i s  equation a r e  tha characteristic 
whirling s p e e d s  o f  t h e  rotor. 
For the case of Isotropic supports, 
GB,, = 0 
t h e  equations o f  n o t i c n  are s a t i s f i e d .  by e q u a t i o n s  (27) 
v i t h  C 2  = C4 = 0 .  
'I'k ciini.ac~,e:3.~'iic oq7,mtion is thep sinpkv 
In a r o t a t i n g  coordinate system, t h e  complex coordinafes 
are z, and El,, where 
i w t  
i w  t 
z f  = zae 
5 1  = 6,e  
T h e n  
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I f  t h e  w h i r l i n g  s p e e d  i n  r o t a t i n g  c o o r d i n a t e s  i s  r e p r e s e n t -  
e d  by w,, 
co 
0 
m 
I 
4 
i w e t  z, = C,e 
h a t  e, = C,e 
The c h a r a c t e r i s t i c  e q u a t i o n  i s  t h e n  o b t a i n e d  by s u b s t i t u t l .  
i n g  wa f w f o r  u f .  
The c h a y a c t e r i s t i c  e q u a t i o n  can t h u s  be s t a t e d  I n  t e r m s  o f  
a w h i r l i n g  speed  i n  e i t h e r  t h e  f i x e d  o r  t h e  r o t a t i n g  co- 
o r  d f n s t  e sy s t  em s, 
MSTHOD OF APPLYING THEOBY 
A p p l i c a t i o n  N e g l e c t i n g  Damping 
I n  g l o t t i n g  c u r v e s  f o r  u s e  i n  a p p l i c a t i o n s  of  t h e  t h e -  
o r y ,  i t  i s  c o n v e n i e n t  t o  c o n s i d e r  one o f  t h e  p y l o n  b e n d i n g  
f r e q u e n c i e s  wT = +jm a s  a r e f e r e n c e  f r e q u e n c y  a n d  
t o  r e f e r  a l l  othi:r f r e q u e n c i e s  a s  w e l l  as t h e  r o t a t i o n a l  
speed  w t o  t h s  r e f e r e n c e  f r e q u e n c y  a s  u n i t .  The nnmbsr 
o f  i n d e p e n d e n t  p a r a m e t e r s  i s  t h u s  r e d u c e d  by  1. A l l  
q u a n t i t i e s  i n  e q u a t i o n s  (31) t o  (33) a r e  t h e n  e x p r e s s e d  
n o n d i n e n s i o n z l l y .  
The natural w h i r l i n g  s p e e d s  and  t h e  t h r e e  t y p e s  o f  
v i b r a t i o n  - o r d i n a r y ,  s e l f - e x c i t e d ,  a n d  s h a f t - c r i t i c a l  - 
c a n  now be  p r e d i c t e d  from a s t u d y  of  t h a  r o o t e  o f  e q u a t i o n  
(31) i n  which wf i s  c o n s i d e r e d  a f u n c t i o n  o f  w f o r  
f f x e d  v a l u e s  o f  the o t h e r  p a r a m e t e r s .  
The c & s e  of no damping w i l l  be  c o n s i d e r e d  f i r s t .  Be-. 
c a u s e  e q x a t i o n  (31)  w i t h  damping t e rn i s  o m i t t e d  i s  of t h e  
f o u r t h  d e g r e e  i n  wf  and  of  o n l y  t h e  second  d e g r e e  i n  
w’, i t  may be  s o l v e d  c o n v e n i e n t l y  by f i r s t  c h o o s i n g  v a l -  
u e s  o f  uf and  t h e n  s o l v i n g  t h e  e q u a t i o n  f o r  w 2 .  S i m i -  
l a r  i n d i r e c t  ms thods  can  be u s e d  w i t h  e q u a t i o n s  (32) End 
( 3 3 1 ,  
w i l l  b e  d i s c u s s e d  l a t e r .  
2 
S p e c i a l  methods t o  b e  u s e d  when damping  i s  i n c l u d e d  
26 
T h o  m t s n l n g  o f  eq.~...atlons (31) t o  ( 3 3 )  w i l l  bz $ 1 1 ~ 3 -  
t r a t e d  b:; ~ , x z r i s l e s .  P n s  r e a l  p a r t ,  o f  uf t r i l l  ba p l o l ; t , d  
ag.zi2-st w I o r  s e l e c t e d  valuPvs o f  t h e  p a r a m e t e r s  -4,: A z ,  
A 3 ,  and. s o  The s i m p l e s t  c a s e  i s  t h a t  i n  which  t h e  c a s s  
o f  t k e  b l a d e s  i s  s o  s ~ a l l  t 3 a t  a-r,y f o r c e  on  t h e  p y l ? n  due  
t o  > l a d e  ino t inns  i s  n o g l i g i b i e .  The p y l o c  m o t i o n s  z r e  
t h e n  i n d c p e n d e r t  o f  t h e  b l a d e  n o t i o n s .  T h i s  c a s e  i s  ob- 
t a i n e d  'bjr p u t t i n g  I?,& E 0 .  T h e  c h a r a c t e r i s t i c  e q u a t i c n  
(31), ( S ? ) ,  3r (33 )  thon f a c t o r s  i n t o  e x p r e s s i o n s  yielding 
s t r a i g h t  lin9s a n &  h y p o r b o l a s .  
An e:;cm?lc o f  a r o t o r  w i t h  p s r t i c u l a r  v a l u e s  o f  t h e  
p a r a n a i e r : :  i s  p l o t t c l .  a s  1ong-iJ.asn l i n e s  i n  f i g u r e  2 .  
The k o - i a o n t a l  s t r a i g h t  lines c o r r e s F o n d  t o  yy3.on b o n d i n g  
and  t h e  s l t i n t i n g  h : rpr rbolas  c o r r f e s 2 c n 6  t c h i n g e  d e f l e c -  
t i o n .  E a c h  c u r v e  r e 7 , r e s G n t s  t h s  t r e n d  o f  one o f  t h e  r c a Z  
r o o t s  w f .  1 s  A3 i n c r o n s c s  s l i g h t l y  f rom z e r o ,  t h e  
g r e a t e s t  c!=ang,:c i n  t k e  c u r v e s  cccyir i n  t h ;  v i c i n i t y  of  t h e  
i n t e r s e c t i o n s  o f  t h c  s t r a i g h t  l i n s s  w i t 5  t h e  h y p c r o o l s s .  
H e r e  c a c k  k r a n c h  b r e a k s  av.ray froo t n c  i n t o r s e c t i o n  a 2 4  r c -  
j o i n s  t52 o t h e r  b r a n c h ,  A t  2 gap, sxch a s  v i n  f i p r r 3  
2 ,  t h e  nambc:r of r e a l  r o o t s  o f  t h e  f r c q u c n c p  e a - u a t i o n  i s  
r e d u c e d  by 2 .  T h e  m i s s i n g  r o o t n  arc,  c c n ? l c x  c o n j u g a t a  
numbLrs; pnd. onc: c f  ti-em ml;et have  a n e p . t i v o  i m a g i n a r y  
p a r t ,  which  im?Zics  a s e l l - a x c i t o d  v i b r a t i o n .  
n 
C o n s i d e r  t h e  i n t e r p r e t a t i o n  o f  f i g u r e  2 3 s  r;! i s  
. g r a d u a l l y  incrccctscd f r o m  z e r o .  A t  z c r o  r o t a t i o n a l  s p c c d ,  
t h e  ? r a l u c s  o f  ui: a r c  t h e  n a t u r a l  f r e q u e n c i e s  t h e t  c o u l d  
be e x c i t e d  as o r C l i n s r y  v i b r a t i o n  by  applieg. v i k r a t i n g  
f o r c e .  P o s i t i v c  ar,d c o g a t i v z  v a l n e s  o c c u r  i n  p a i r s  o f  
equal magcitudc. nnd  c o r r e s p o n d  t o  l i n c a r  v i b r a t i o n  modcs 
r c p r c s c n t - 6  i n  complex no t r? . t i on  a s  
- i q t  
z f = c  e + c  
i w f t  
A s  W i n c r e a s e s  f r o n  z e r o ,  t h e  p o s i t f v e  acd n e g a t i v e  
values o f  wf n o  l o n g e r  a r e  equal i n  n a g n i t a d o .  The n o r -  
mal :oodes a r e  t h e r e f o r e  i t r h i r l i n g  r co t ioos  w i t h  a n g u l a r  ve-  
l o c i t i e s  eq-ual t o  t h e  p i o t t e d  values o f  w f .  
T h e  s h a f t - c r i t i c a l  s p e e d  i s  t h o  r o t a t f o n ' a l  speed  a t  
which ;?if = w a n d  h e n c e  i s  g i v e n  b y  t h e  p o i n t  A whore 
a ' 4 5 '  l i n e  t h r o u g h  t h e  o r i g i n  i n t e r s e c t s  t h e  
T h i s  s p e e d  c o r r e s p o n d s  t o  t h e  p s a k  f o r  v i b r a t i o n s  e s c i t s d  
w f - c u r v e a  
* 
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by u n 3 z l a n c e  i n  t h o  r o t a t i n g  sys t em.  A s  U) i n c r e a s e s  
above  t h e  s h a f t - c r i t i c a l  speed ,  t h e  modes of v h i r l t n g  a r e  
s t a b l e  u n t i l ,  f o r  t h e  c a s e  o f  n o  damping,  t h e  v a l u e  o f  wf 
b e c o n e s  complex a t  t h e  v a l u e  of  w a t  which a v e r t i c a l  
l i n e  i s  t a n g e n t  t o  t h e  p l o t t e d  c u r v e .  T h i s  p o i n t  B i s  
t h e  b e g i n c i n e  of  t h e  s e l f - e x c i t e d  raqge .  A t  t h e  y o i n t  D, 
)=I t h e  m o t i 3 n  zgaip.  becomes s t a b l e .  The  r e a l  p a r t  o f  w f  i s  
p l o t t e d  i n  t h e  r e g i o n  C a s  a s h o r t - d a s h  l i n e ,  The COD?- 
p l e x  r o o % s  i n  t h e  r e g i o n  G have 'seen c a l c u l a t e d  a r d  
p l o t t e d  i n  f i g u r e  3 .  
r -  -;r 
3 
w 
i 
. 
The p o i n t  E, a t  which w f  = 0 ,  i s  o f  some i n t e r e s t .  
A t  t . h i s  q e e d ,  a v l b I a t i o n  o f  t h e  b l a d e s  c o u l d  be  e x c i t e d  
by  a s t e a d y  f o r c e  
g r a v i t y  i f  t h e  p l a n e  o f  t h e  r o t o r  i s  not h o r i z o n t a l .  
(cu t  = 0 ,  w, = -w) s u c h  a s  t h e  f o r c e  of  
B e c a u s e  t h e  most i m T o r t a n t  i a f o r m a t i o n  t o  be o b t a i n e d  
f r o n  t h e  f r e q u e n c y  oc fua t ion  i s  t h e  c r i t i c a l  v a l u e  o f  w 
f o r  t h e  s h a f t - c r i t i c a l  and s e l f - e x c f t e d  v i b r a t i o n s ,  a. s e t  
o f  c h a r t s  t h a t  g i v a s  t h i s  i n f o r m a t i o n  f o r  a l a r g e  v a r i o t y  
o f  v a l u e s  o f  t h e  p h y s i c a l  p a r a m e t e r s  h a s  been  p r e p a r e d .  
T h e s e  c h a r t s  a r e  g i v e n  i n  f i g u r e s  4 t o  6 ,  which  c o r r e s p o n d  
t o  v a l u e s  of s t i f f n e s s  r a t i o  K ~ / K ,  = s c i  1, w ,  a n d  0 ,  
r e s p e c t i v e l y .  The u s e  o f  t h e  c h a r t s  i s  i l l u s t r a t e d  b y  a 
n u m e r i c a l  cxaniple. S u p p c s o  t h e  v a l u e s  o l  t h e  p a r a s e t e r s  
f o r  a c e r t a i n  r o t o r  a r e  A, = 0.07, A, = 0.22, ti3 = 0.1, 
e = 1, an6 t!lr = 155 c y c l e s  p e r  m i n u t e .  A s t r a i g h t  l i n e ,  
s u c h  a s  853 i n  f i g u r e  4 ,  i s  f i r s t  drawn t o  r e p r e s e n t  t h e  
f u n c t i o n  w 2 A l  + A , .  T h i s  l i n e  i 2 t e r s e c t s  co i1 tours  
A3 = 0-1 a t  (L)' = 0 . 7 7  f o r  t h e  s h a f t - c r i t i c a l  p o i n t  and  
W' = 1 . 6  a n d  4.85 f o r  t h e  b e g i n n i n g  and  f o r  t h e  end  o f  
t h e  s e l f - e x c i t e d  r a n g e ,  r e s p o c t i v e l y ,  With a r e f e r a n c a  
f r e q u e n c y  o f  155 c y c l e s  -per m i n u t e ,  t h e s e  values c o r r e -  
spond t o  a c t u a l  r o t a t i o n a l  s p e c d s  o f  136, 1 9 6 ,  and  3 4 2  rpm. 
A l l  p o s s i b l e  v a l u e s  of  A , ,  A,, and  A, a r e  t h u s  cov- 
e r e d  by s u i t a b l y  c h a n g i n g  t h e  s t r a i g h t  line A B .  T h o  gen- 
e r a l  e f f e c t  of t h e  s t i f f n e s s  r a t i o  s i s  n o t  l a r g e ;  a n y  
c a s e  c a n  t h e r e f o r e  b o  os t imatec l  w i t k  a f a i r  d e g r e e  of  ac- 
c u r a c y  by u s e  of  f i g u r e s  4 t o  5. 
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I P o s s i b i l i t y  o f  A v o i e i n g  O c c u r r e n c e  o f  V i b r a t i o n  
F i g u r e s  4 t o  6 c a n  a lsq be  u s e d  f o r  t h e  i n v e r s e  p r c b -  
lem o f  f i n c l i n g  t h e  v a l u e s  o f  tins p a r a m e t e r s  t h a t  a22 r e -  
q u i r e d  t o  o b b a i n  g i v e n  v n l u a s  o f  c r i t i c a l  r o t a t i o n a l  s3!2sd. 
These  f i g u r e s  show t h a t  t o  a l f n i n a t e  e n t i r e l y  t h e  s e l f -  
e x c i t e d  i n s t a b i l i b y  r e q u i r e s  t h a t  A, be  e q u a l  t o  o r  
g r c a t e r  t h a n  1. T h e  s h a f t - c r i t i c a l  i n s t a b i l i t y  can b e  en- 
t i r e l y  a l i m i n a t e d  o n l y  w i t h  a vR1ue c f  i L l  i n  6 srnsll 
r a n g e  n e a r  4 and  w i t h  s = m o r  s = 0 .  'Phase valuos o f  
A, d i f f e r  rnciical1.r;. from p r e s o n t  designs i n  which  a t y p -  
i c a l  v a l u e  i s  0 . 0 7 .  
The s a t i s f s c t o r g  r e q u i r z m c n t  o f  k s e p i n g  t h e  i n s t n b i l -  
i t i e s  o u t s i d e  t h e  o :?erab ing  r a n g e  o f  r o t a t i o n a l  sp2ed  i s  
found  by f i r s t  p i c k i n g  a r c a e o n n b l o  valu,: of  t h e  p y l o n  
freq.uenc;y fixp t o  f i x  t h e  s c a l a  u n i t  f o r  w and  by 
the11 o b s 3 r v i n g  t h e  c o m b i n a t i o n s  o f  AI and  h, t h a t  c m  
be u s e d  t o  a v o i d  thc? c r i t i c a l  & - c o n t o u r s .  
3 f f e c t  o f  Damping 
T h s  affect o f  d a r p i n g  h a s  b e e n  i n c l u d c d  i n  c q u a t i c n  
(31) t h r o c g h  t l ie  p a r a E e t e r s  A,, A,, a n d  h p .  k nc tho6  c f  
c u m p u t a t i o n  s imi l a r  t o  t h a t  u s a d  i n  f l u t t e r  t h e o r y  a p n c 3 r s  
p r c f a r a b l o  t o  t % t t c ? q t i n g  t o  s o l v e  t h e  QOUat ion  d f r o c t l p  
f o r  
c a n  bo found  b y  t h e  f o l l o w i n g  method:  A t  a limit p o i n t  
be tween a s t a b l e  and  .?tn u n s t s l b l c  speed  range, t h c  v a l u e  o f  
Wf i s  realo E q u a t i o n  (31) i s  f i r s t  s e p a r a t a d  i n t o  1.~~311 
and i n a g i n z r y  p a r t s  with wf c o n s i d e r e d  r e a l .  E a c h  p a r t  
i s  c o n s i d e r e d  a f u n c t i o n a l  r e l a t i c n  be tween  wf and UJ 
and  i s  p l o t t e d  f o r  a g i v e n  s e t  o f  values o f  t h e  p a r a m e t e r s .  
The i n t e r s e c t i o n s  o f  t h e  r e a l  2nd t h e  i m a g i n a r y  e q u a t i c n s  
g i v e  t h e  r o t b r  s p e e d s  a n d  f r e q u e n c i e s  c o r r e s p o n d i n g  t o  t h e  
b e g i n n i n g  a n d  t h e  er id  of  t h e  u n s t a b l e  r w i g e s .  I n  t h e  com- 
p u t a t i o n s ,  i t  i s  p r e f e r a b l e  t o  c h o o s e  v a l u e s  o f  Wf ~ i i d  
t o  s o l v e  t h e  e q u a t i o n s  for t h e  c o r r e s p o n d i n g  v a l u e s  o f  U. 
wf0 The b e g i n n i n g  arid t h e  end  o f  an u n s t a b l e  r a n g e  
The e x p l i c i t  f o r m  f o r  c o i n p u t a t i o n  i n  t h e  s i b p l e s t  c a s e  of 
j.BoT;ropic S q y o r t B ,  ~r.i*L d a n p i n g  i n  t h e  p y l o n  a n d  i n  t h e  
h i n g e s  b u t  n o t  i n  t h e  r o t a t i n g  s h z f t  ( h a  = O), i s  ob-  
t a i n e d  f r o m  e o u n t i o n  ( 3 2 )  r e a r r a n g e d  c.s f o l ~ o w s :  
f 
t-4 
whore 
w =  
3313 = 
29 
a n d  
I m a g i n a r y  e q u a t i o n  
w2 - 2B1w + CI = 0 ( 3 5 )  
where 
The m o s t  g e n e r a l '  c a s e  o b t a i n e d  f r o r n  e q u a t i o n  (31) i s  w r i t -  
t e n :  
R e a l  equation , 
C o e f f i c i e n t  O T  w 6  
w4 
W 2  
1' 
30 
Itmginary q u a t  ion 
I (1 -A.,)" + X$ f3 
1 
Coefficient of W" 
(u2 R I + R,I, + La2 I, 
1 
1 3 .  
R112 + R , I  - I, 
(3.7) 
t-- --. 
Examples of calculated cases with dm@.ng are  shown in  
figures 7 t o  9. 
i n  both the pylon and the hinge detgees of freedcm does 
not greatly change the  predictions that  would be made 
*con the  equations with no damping. 
equation is pract ical ly  the same as the plot obtained when 
damping i s  neglected. 
The Zresonce of small amounts of damping 
Tho p lo t  of t h e  real  
The intersections of the cui'vos of 
31 
t h e  iniagrlnary and  t h e  r e a l  E q u a t i o n s  w i t h  a n y  r e a s o n a b l e  
v a l u e  o f  h f / h p  
co s i d e r e d  t h e  l i m i t s  o f  t h e  u n s t a b l e  r a n g e  i f  damping were  
0 ( V I n e g l e c t e d .  I n c r e a s i n g  t h e  amount o f  damptng d e c r e a s e s  
4 
a r e  n e a r  t h e  p o i n t s  t h a t  would be con- 
4 t h e  gap  be tween  t h o  l i m i t s  of  s t a b i l i t y  u n t i l  t h e  u n s t a b l e  
r a n g e  i s  f i n a l l y  e l l m i n a t e d .  An a p p r o x i m a t e  s o l u t i o n  f o r  
t h e  amount, o f  damping r e q u i r e d  t o  e l i m i n a t e  t h e  s e l f -  
e x c i t e d  i n s t a b i l i t y  i s  o b t a i n e d  by  r e q u i r i n g  t h a t  t h e  
damping be a t  l e a s t  l a r g o  enough t o  make t h e  c u r v e  o f  t h e  
r e a l  e q u a t i o n  p a s s  t h r o u g h  t h e  p o i n t  where wf = 1 a n d  
w i s  t h e  v a l u e  g i v e n  by t h e  e q u a t i o n  
The v n l u c s  r e q u i r e d  i n  t h e  case of  s = c)r, h a v e  been  com- 
p u t e d  and p l o t t e d  i n  f i g u r e  1 0 .  The e l i m i n a t i o n  o f  s e l f -  
e x c i t e d  v i b r a t i o n  by  damping t h u s  l o o k s  p r o m i s i n g  a n d  
m e r i t s  f u r t h e r  s tuCy  w i t h  r e f e r e n c e  t o  s p e c i f i c  a p p l i c a -  
t i o n .  
LIMITATIONS AND FURTHER DEVELOPMENTS OF THX THEOi iY  
l o l a r  Symmetry 
A n  i m p o r t a n t  i d e a  i n  t h e  r o t o r  v i b r a t i o n  t h e o r y  i s  
t h e  c o n c e p t  of  p o l a r  symmetry,  T h i s  c o n c e p t  i m p l i e s  t h e  
a b s o n c o  o f  a p r e f e r r e d  d i r e c t i o n  i n  t h e  p l a n e  o f  t h e  r o -  
t o r .  A r o t o r  of  t h r o e  or 'more equal  b l a d e s  has p o l a r  
symmetry.  A r o t o r  o f  t w o  b l a d e s  o r  one w i t h  u n e q u a l  cen-  
t e r i n g  s p r i n g s  d o e s  n o t  have  p o l a r  symmetry.  A p y l o n  
3, = B y ,  and  m, = my h a s  p o l a r  f o r  wh ich  K, = 
symmetry.  The p o s s i b i l i t y  o f  s o l v i n g  t h o  r o t o r  v i b r a t i o n  
p r o b l e m  i n  t e r m s  o f  e x p o n e n t i a l  o r  t r i g o n o m e t r i c  f u n c -  
t i o n s  d e p e n d s  upon t h e  e x i s t e n c e  of  p o l a r  s y m n c t r y  i n  t h e  
r o t a t i n g  p a r t s  o r  i n  t h e  n o n r o t a t i n g  p a r t s  o r  i n  b o t h .  
The g e n e r a l  case  o f  no p o l a r  symrnotry would l e a d  t o  
M a t h i e u  f u n c t i o n s  o r  some th ing  s imi la r .  
ICY 
Two B l a d e s  
A b r i e f  comper i son  between t h o  two-blatde and t h o  gen- 
o r a l  c a s e  i s  p r e s e n t e d  h e r o i n .  P o l a r  symmetry o f  t h e  py- 
l o n  i s  assumed.  The s h a f t - c r i t i c a l  spoed  i s  o b t a i n e d  by 
s u b s t i t u t i n g  W, = 0 i n  t h e  c h a r a c t e r i s t i c  e q u a t i o n  as 
3 2  
e x p r e s s o d  i n  2, r o t z t i n g  c o o r d i n a t o  s y s t e m .  F o r  one o r  t w o  
b l a d e s ,  t h e  e q u a t i o n  o b t a i n e d  i s  
The f i r s t  b r a c k e t e d  f a c t o r  g i v e s  tho b e g i n n i n g  o f  a s e l f -  
e x c i t e d  r a n g e  and t h e  second f a c t o r  g i v e s  t h e  end o f  t h e  
r a n g e .  
E q u a t i o n  ( 3 8 )  can  be compared w i t h  t h e  e q u a t i o n  f o r  
t h e  s h a f t - c r i t i c a l  s p e e d  o f  t h r e e  o r  more e q u a l  blades 
and  f o r  p o l a r  s rmmetry  
A u s e f u l  c h a r t  b a s e d  on e q u a t i o n  (39) i s  g i v e n  i n  f i g u r e  
11; some e x p e r i m e n t a l  r e s u l t s  o f  t e s t s  o f  a s i m p l e  m c d e l  i n  
f i g u r e  1 2 .  These  t e s t s  d e m c n s t r a t e  t h e  e s s e n t i a l  d i f f e r -  
e n c e  be tween t h e  two-b lade  a n d  t h e  g e n e r a l  c a s e .  
L a n g l e y  Y e m o r i s l  A e r o n a u t i c a l  L a b o r a t o r y ,  
K a t i o n a l  A d v i s o r y  C o n n i t t e e  f o r  A e r o n a u t i c s  I 
L a n g l e y  F i e l d ,  Va., 
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Fig-ure 1.- SimTlifiod machanical system raprGscnting rotor. 
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3igur.3 2.- Tine effect  of coupling between pylon and hinqe m o t i o m .  
Figure 3.- The complex frequency iii t h e  umteb ie  rsnge f o r  J$. = .07; 
A 2  = .22; A3 = .L; 5 = 1. 
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F i p r e  4.- Stability chart f o r  s = 1. 
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Zigure 5.- Stability chart for s = co. 
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7 i g i r e  5 . -  Stabili t jr  cliart for s = 0. 
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3’igxe 7.- Plot. of  rm1 and imginary cqcatiore f o r  a. tJTical C ~ S B .  
s = 1; bl = a 0 7 5  A2 = ,233 A 3  -198. 
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FigAre 8.- P lo t  cf  real a d  imqimry eqwt iohs  f o r  case of  s = co ; 
= .O7; - !  = .22; f~ = .198. 
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Figura  16.- 
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f o r  6 = m .  
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Fi,gure 12.- E q e r i x e n t a l  critical speed.!s o s  small models. 
